free resolution, see [BS, §4] and [Ha, III Ex. 6.9] . There is always a map K lf (X) → K vb (X) which assigns to a locally free sheaf the underlying vector bundle and the results of [P] imply that this map is an isomorphism when X = G/B, see Proposition 1.5 below. Thus, in the case which we wish to consider in this paper, X = G/B, all three K-theories are isomorphic.
Let G be a complex connected simply connected semisimple Lie group. Fix a maximal torus T and a Borel subgroup B such that T ⊆ B ⊆ G. The Bruhat decomposition says that G is a disjoint union of double cosets of B indexed by the elements of the Weyl group W , G = w∈W BwB. The flag variety is the projective variety formed by the coset space G/B and the Bruhat decomposition of G induces a cell decomposition of G/B. For each w ∈ W the subset X define the length ℓ(w) of w ∈ W and the Bruhat-Chevalley order ≤ on the Weyl group, respectively. It follows from the Bruhat decomposition (see lecture 4 by Grothendieck in [C] ) that
K(G/B) is a free Z-module with basis {[O
where X w are the Schubert varieties in G/B and O X w is the structure sheaf of X w extended to G/B by defining it to be 0 outside X w .
The isomorphism K(G/B) ∼ = R(T )/I
For any group H let R(H) be the Grothendieck group of complex representations of H. Let Λ = n i=1 Zω i , where the ω i are the fundamental weights of the Lie algebra g of G. We shall use the "geometric" convention (see [CG, 6.1.9 (ii)]) and let e −λ be the element of R(T ) corresponding to the character determined by λ ∈ Λ. Then R(T ) has Z-basis {e λ | λ ∈ Λ}, with multiplication e λ e µ = e λ+µ , and Weyl group action determined by we λ = e wλ , for w ∈ W and λ ∈ Λ. In this way R(T ) is a Laurent polynomial ring and R(G) ∼ = R(T )
W is the subalgebra of "symmetric functions" in R(T ). Suppose that V is a T -module. Since T ∼ = B/U , where U is the unipotent radical of B, we can extend V to be a B-module by defining the action of U to be trivial. Define a vector bundle
so that G × B V is the set of pairs (g, v) , g ∈ G, v ∈ V , modulo the equivalence relation (g, v) ∼ (gb, b −1 v). This construction induces a ring homomorphism
. This is because the map
is an isomorphism between G × B V and the trivial bundle G/B × V . Define ε: R(T ) → Z by ε(e λ ) = 1 for λ ∈ Λ. Then the map φ in (1.2) gives an isomorphism (see Proposition 1.5 below)
where I is the ideal generated by {f ∈ R(T )
K(G/P ) for a parabolic subgroup P A similar setup works when B is replaced by any parabolic subgroup P containing B. The coset space G/P is a projective variety and the Bruhat decomposition takes the form G = w∈W/W P BwP where W P is the subgroup of W given by W P = s i | g −α i ∈ p , where p is the Lie algebra of P . The Schubert varieties Xw are the closures of the Schubert cells X
Write P = LU where U is the unipotent radical of P and L is a Levi subgroup. The Weyl group of L is W P and
is the subring of W P -symmetric functions in R(T ). The same construction as in (1.2) with B replaced by P and T replaced by L gives a ring homomorphism
(1.4) Proposition 1.5. Let G be a connected simply connected semisimple Lie group and let T be a maximal torus of G. Let P be a parabolic subgroup of G with Levi decomposition P = LU and let W P be the Weyl group of L. Then
where I P is the ideal generated by {f ∈ R(T )
Proof. Let K vb (G/P ) be the Grothendieck group of C ∞ vector bundles on G/P and let η: K(G/P ) → K vb (G/P ) be the map which assigns to a locally free sheaf its underlying vector bundle. Letφ P be the compositionφ
Since π 1 (G) = 0, π 1 (P ) ∼ = π 2 (G/P ), which is free abelian by the Bruhat decomposition. Since the unipotent radical U of P is contractible the projection f : P → P/U ∼ = L is a homotopy equivalence. Thus π 1 (L) is free abelian and we may apply the results of [P] 
is projective over R(G) with rank |W/W P | and K vb (G/P ) is a free Z-module of the same rank. (Note: The results of [P] can be applied since G and L are the complexifications of compact groups.) Sinceφ P is surjective the map η is also surjective. Then, since K(G/P ) and K vb (G/P ) are both free Z-modules of rank |W/W P |, it follows that η must be an isomorphism. This means two things: (1) that we can identify K(G/P ) and K vb (G/P ), and (2) that φ P is surjective.
The kernel I P of φ P is identified by using (1.3).
Although we will work primarily with K(G/B) it is standard to transfer results from K(G/B) to results on K(G/P ). This can be accomplished with the following proposition. The proof will be given in section 5.
is an injection. This map is given explicitly by
where v ∈ W is the unique element of longest length in the cosetw = vW P .
The class
In this section we give an expression for the class [O P/B ] ∈ K(G/B) as an element of R(T )/I. This is done by first finding a formula for [O P/P ] in K(G/P ) and then using the projection f : G/B → G/P to pull back this formula to K(G/B). The formula for [O P/P ] in K(G/P ) is obtained by using a Koszul resolution on a vector field with simple zeros at the points {w i P |w i ∈ W/W P }. This reduces the computation to determining Λ −1 (T * (G/P )) and this can be done since we understand the structure of T * (G/P ) = (g/p) * as a B-module (under the adjoint action). Although these formulae for [O P/B ] are useful for specific computations they are not needed for the proof of our main result, Theorem 4.3.
Theorem 2.1. Let P ⊇ B be a parabolic subgroup of G and let w be the longest element of the corresponding parabolic subgroup
where the product is over all positive roots α such that g −α ∈ p.
Proof. Let h denote the complex Lie algebra of the maximal torus T ⊆ G and let H ∈ h be a regular element, i.e. the W action on H has trivial stabilizer. The one-parameter group exp(zH), z ∈ C, of G induces a flow on G/P (by left translation) whose fixed points are the points in the set
where w i run over a set of coset representatives of W/W P . It follows that the zeros of the associated vector field v(H) are the same points and a local calculation shows that they are simple. This construction of vector fields v: G/P → T (G/P ) whose zeros are isolated and simple is essentially due to A. Weil [W] .
Since the zero set Z of the vector field v(H) is a smooth subvariety of codimension equal to the fibre dimension of T (G/P ), the vector field v(H) gives rise to a Koszul resolution of O Z (see [CG] §5.4)
where i v denotes interior product with v(H). Hence, in K(G/P ) we have
For any two points p, q ∈ G/P there is a g ∈ G so that gp = q. Since G acts trivially on
Since the pointsw i P of Z are simple,
Ow i P and so
by (2.2). Since K(G/P ) is a free Z-module it follows that [O Z ] is divisible by |W/W P | and we get
Let us compute the pull back f
is the homogeneous vector bundle over G/P associated to the P -module (g/p)
* , where P acts on g/p by the adjoint action. Then f ! (T * (G/P )) is the vector bundle over G/B associated to the B-module (g/p)
* , where we regard (g/p) * as a B-module by restriction. By Lie's theorem, (g/p)
* admits an B-module filtration such that the unipotent radical of B acts trivially on the associated graded module gr F (g/p)
* . Hence
is a sum of weight spaces as an ad(B)-module. Since a filtered object and its associated graded define the same element in a Grothendieck ring we have
. From this equation we get the formula for
The theorem follows from (2.3), (2.4) and Proposition 1.6 since
and P/B = X w for the longest element w of W P ⊆ W .
(1 − e −α ), for each simple reflection s i , 1 ≤ i ≤ n, and
Proof. The first and last formulas are Theorem 2.1 in the cases P = B and P = G respectively and the middle formula is the case when P = P i is the minimal parabolic subgroup whose Lie algebra p i is generated by b and the negative root space g −α i .
Remarks.
1. In optimal cases such as G = SL(n, C) one can use various tautological bundles on SL(n, C)/P to construct resolutions of O p directly, and hence obtain formulae for [O p ] which are "denominator free". One example is obtained from the tautological k-plane bundle over the Grassmannian of k-planes in C n : E k −→ G(k, C n ). Every (homogeneous) linear function on C n defines an algebraic section of E * k . Hence by choosing (n−k) linearly independent such functions, we can define a section σ: G(k, C n ) → n−k E * k whose unique zero is the point p corresponding to the common kernel of the linear functions. Since σ is clearly regular,
. Other examples can be found in [FL] .
2. In contrast with the previous remark, it seems difficult to find "denominator free" formulae for [O p ] in general. A comparison with cohomology will be helpful. For F(C n ) = SL(n, C)/B a generator of the top cohomology is given by x n−1 1
form a suitable basis. For general G/B the only uniform expressions for a generator in the top degree all involve denominators. For example, one such is
no integral polynomial in a basis for H 2 (G/B; Z) will give a generator in the top degree.
Push-pull operators in K-theory
For a positive root α, let s α ∈ W be the corresponding reflection and define operators
respectively, where ρ = 1 2 α>0 α. In this section we will show that there is an inductive formula for the classes [O X w ] in terms of the operators T α and the class [O X 1 ], which was determined in Corollary 2.5.
The operators T α and L α have been in the literature for some time, see for example, [D, §5] , [KK] , [FL] . Let x, y ∈ R(T ). Short direct calculations using the definitions establish the following identities:
Because of (a), T α is a map of R(G)-modules and so it descends to an operator on K(G/B) which we shall denote by the same symbol. Moreover, the induced operator on K(G/B) satisfies (3.1a-d).
Let α be a simple root and let P α be the minimal parabolic subgroup whose Lie algebra p α is generated by b and the negative root space g −α . Since P α /B ∼ = P 1 , the natural projection
is a P 1 -bundle.
Proposition 3.3. Let α be a simple root. For every x ∈ K(G/B),
This result is proved in [KK, Prop. 4.11] . In section 5 we shall see that the GrothendieckRiemann-Roch theorem implies that this fact is equivalent to the corresponding fact in cohomology. This alternate point of view has the advantage that it illustrates why the operators T α are the K-theoretic analogues of the BGG operators ∂ α (see [BGG] and [D] ). The proof of following proposition is a generalization of the argument in [FL, p. 728 ]. Kostant and Kumar [KK, Lemma 4.12] have also proved the same result.
Proposition 3.4. Let s α ∈ W be the simple reflection corresponding to a simple root α. Given a Schubert variety X w ⊆ G/B,
Proof. The main idea of the proof is
One only has to justify the equalities and identify f α (X w ) and f
For w ∈ W letw = {w, ws α }. It is convenient to relabel the elements of the set {w, ws α } as w ′ and w ′′ where by fiat ℓ(w ′′ ) = ℓ(w ′ ) + 1. Analyzing the Bruhat decomposition of X w in (1.1) we get
w is an isomorphism of varieties f α : X w ′ → Xw is birational. This combined with the (deep) fact that Schubert varieties have rational singularities (see the survey [Ra] and the references there) implies that (a) (f α ) * (O X w ′ ) = O Xw , and
From the Bruhat decomposition one sees that f α : X w ′′ → Xw is the restriction of the ambient
Finally, from (3.5) we have (c) (
Statements (a) and (b) imply that (f
Corollary 3.6. For each simple root α i let T i = T α i . Let w = s i 1 · · · s i p be a reduced expression for w and define T w = T i 1 · · · T i p . Then T w is independent of the choice of the reduced expression of w and
Proof. The formula in the statement follows from Propositions 3.3 and 3.4. These two Propositions, combined with formula (3.1c) also show that the action of T w on the elements of the basis
is independent of the choice of the reduced word for w. By Proposition 1.5, K(G/B) is a free R(G)-module and thus it follows from (3.1c) that, as an operator on R(T ), T w is independent of the reduced word for w.
The Pieri-Chevalley formula
In this section we shall inductively apply formula (3.1d) to obtain an expansion of the product
We use the path model of P. Littelmann to keep track of the combinatorics involved in iterating formula (3.1d).
The path model
Let Λ = i Zω i be the weight lattice and let h * = i Rω i . A path in h * is a piecewise linear map π: [0, 1] → h * such that π(0) = 0. Let π be a path, let α be a simple root and let h α : [0, 1] → R be the function given by
At t this function gives the position of π(t) in the α-direction. Let m α be the minimal value of h α and define functions l:
The root operators (see [L3] Definitions 2.1 and 2.2) are operators on the paths given by e α π = t → π(t) + r(t)α, if r(0) = 0, 0, otherwise, and
where we use 0 to denote the "null path". Fix a dominant weight λ ∈ Λ. Let π λ be the path given by π λ (t) = tλ, 0 ≤ t ≤ 1, and let
be the set of all paths obtained by applying sequences of root operators
This is the set of Lakshmibai-Seshadri paths of shape λ. P. Littelmann [L1] has shown that this set of paths is finite and can be characterized in terms of an integrality condition. We shall not need this alternative characterization. Let W λ be the stabilizer of λ. The cosets in W/W λ are partially ordered by the BruhatChevalley order. Use a pair of sequences
to encode the path π:
We shall write π = ( τ , a). Every path π ∈ T λ is of this form. Littelmann introduced this set of paths T λ as a model for the Weyl character formula. He proved that 
Application of the path model
Fix a dominant weight λ ∈ Λ and let π = ( τ , a) = ((τ 1 > · · · > τ r ), (a 0 < · · · < a r )) ∈ T λ . The initial direction of π is ι(π) = τ 1 . Fix w ∈ W , letw = wW λ ∈ W/W λ and define
Let π = ( τ , a) ∈ T λ w . A maximal lift of τ with respect to w is a choice of representatives t i ∈ W of the cosets τ i such that w ≥ t 1 > · · · > t r and each t i is maximal in Bruhat order such that t i−1 > t i . The final direction of π with respect to w is v(π, w) = t r , where w ≥ t 1 > · · · > t r is a maximal lift of τ 1 > . . . > τ r with respect to w.
For each π ∈ T λ such that e α (π) = 0 the α-string of π is the set of paths
where m is maximal such that f m α π = 0. We have: 
r are maximal lifts of π with respect to w and w ′ respectively.
If m > 0 then t 1 is not divisible by s α . It follows that t ′ 1 = t 1 and thus that t r = t ′ r . If m = 0 then all the t i are divisible by s α and it follows that t r = s α t
Theorem 4.2. Let λ be a dominant integral weight and let w ∈ W . Then
as operators on R(T ).
Proof. The proof is by induction on ℓ(w). The base case ℓ(w) = 1 is formula (3.1d). Let w = s α w ′ with ℓ(w) = ℓ(w ′ ) + 1. Then
(by (4.1)).
Proof. Since the sheaf O X 1 is supported on the single point
where F is a vector bundle on G/B is the class of a bundle supported on the single point
Thus, since e λ is the class of a line bundle we have
and so the result follows from Theorem 4.2.
The following example illustrates how one computes the product e ω 2 [O X s 1 s 2 s 1 s 2 ] in K(G/B) for the group G of type G 2 . In this case λ = ω 2 , w −1 = s 2 s 1 s 2 s 1 and the starting path π λ is the straight line path from the origin to the point ω 2 . The paths in the set T ω 2 s 2 s 1 s 2 s 1 are the paths in the following diagrams. h. pittie and a. ram 
Passage to H * (G/B)
Let us explain how our results in K(G/B) are related to the cohomology H * (G/B) and Schubert polynomials. The transfer is by way of the Chern character ch.
If X is a finite CW complex then the Chern character (see [Mac, Ch. 10] , [Hi, [23] [24] , [Ha, App. A]) ch: K vb (X) ⊗ Q −→ H * (X; Q)
